Abstract. A relatively fast algorithm for evaluating Weil-Petersson volumes of moduli spaces of complex algebraic curves is proposed. On the basis of numerical data, a conjectural large genus asymptotics of the Weil-Petersson volumes is computed. Asymptotic formulas for the intersection numbers involving ψ-classes are conjectured as well. The precision of the formulas is high enough to believe that they are exact.
The aim of this note is to report on the recent progress in computing Weil-Petersson volumes of moduli spaces of complex algebraic curves (with or without marked points) that resulted from better programming, software and hardware as compared to [7] . The numerical evidence led us to a plausible guess about their large genus asymptotic behavior that may have further applications in algebraic geometry, combinatorics, dynamical systems and string theory.
Algorithms
Let M g,n denote the moduli space of stable n-pointed genus g complex algebraic curves. The universal curve p : M g,n+1 → M g,n has n canonical sections x 1 , . . . , x n given by the marked points. Put ψ i = c 1 (x * i ω) ∈ H 2 (M g,n , Q), where ω is the relative dualizing sheaf on M g,n+1 . The first Mumford class of M g,n is the direct image class
The Weil-Petersson metric is Kähler on M g,n . Its symplectic form ω W P extends to M g,n as a closed current and represents the class 2π 2 κ 1 ∈ H 2 (M g,n , R) (see [6] ). By definition, the (normalized) WeilPetersson volume of M g,n is just its standard symplectic volume with respect to the form 1 2π 2 ω W P :
For all g, n ≥ 0 with 2g + n ≥ 3 these are positive rational numbers. Below we describe an algorithm for computing Weil-Petersson volumes (see [7] for details).
(J 0 denotes the Bessel function of the first kind). Then (i) the KdV equation
has a unique solution u(y, t) = y + h 2g ∞ g=1 u g (y, t) where each u g (y, t) is a Laurent polynomial in t of the form
(ii) for each g ≥ 2 the equation
(iii) for any g, n ≥ 0 the Weil-Petersson volume of M g,n is given by the formula
. The above theorem extends to the intersection numbers involving ψ-classes. Fix a set d = (d 1 , . . . , d n ) of non-negative integers and put
Theorem 2. Let
Then (i) the KdV equation
where each v g (y, t) is a polynomial in x 1 of the form
. . ) has a unique solution of the form
(iii) the intersection number V g,n;d is given by the formula
where l k is the number of d i 's equal to k.
The proof follows the same lines as that of Theorem 1 and utilizes an observation of M. Kazarian on how to explicitly express mixed intersection numbers of ψ-and κ-classes in terms of intersection numbers of ψ-classes alone [3] . The details will appear elsewhere. Note that for d 1 = · · · = d n = 0 it reduces to Theorem 1 with the obvious change of variable x 1 = 1/t.
The main advantage of our algorithm is its speed, and in this respect it is superior to the algorithms of C. Faber [1] and M. Kazarian [3] , though it loses to both of them in generality.
Asymptotics
It may be instructive to begin with the large n asymptotics of WeilPetersson volumes. The following exact asymptotic formula was proven in [4] for any fixed g:
where C = −z 0 J ′ 0 (z 0 ) and z 0 is the first positive zero of the Bessel function J 0 (z). The coefficients a g can also be explicitly computed [4] (in fact, one can even get the complete asymptotic expansion of V g,n as n → ∞).
The problem seems more challenging when n is fixed and g → ∞. We implemented the algorithm of Theorem 1 in a Maple TM 1 program and computed all numbers V g,n for g ≤ 50 and 1 ≤ n ≤ 4. These data led us to Conjecture 1. For any fixed n ≥ 0
This formula agrees with the earlier results of [2, 5] . Approximate values of the constants c n with n ≤ 4 are: c 0 ≈ 1.8, c 1 ≈ 0.75, c 2 ≈ 0.1, c 3 ≈ −0.15, c 4 ≈ −0.001.
Our Maple TM implementation of the algorithm of Theorem 2 evaluates the intersection numbers V g,n;d given by (2) . In particular, we computed all V g,n;d with g ≤ 40 and l k ≤ 2, k = 1, 2, 3), and from that we get Conjecture 2. For any fixed n > 0 and a fixed set
where l k denotes the number of d i 's that are equal to k.
Both these conjectures hold numerically with a high precision, so there is a good reason to believe that they are actually true. However, at the moment these asymptotic formulas lack theoretical justification. The next section contains some data and heuristics.
Numerics
It is known that the order of magnitude of V g,n is (2g)! for large g (see [2, 5] ), so the problem was to find the asymptotics up to the factors of smaller order. A question of M. Mirzakhani about the behavior of the ratio V g−1,n+2 /V g,n as g → ∞ served us as a starting point. Computations show that this ratio decreases with g for n = 0, 1, and increases for any fixed n ≥ 2. At the same time for any fixed g this ratio decreases when n grows. Below is the table of decimal approximations (rounded up to 10 digits) for n = 1, 2 and 41 ≤ g ≤ 50: The behavior of V g−1,n+2 /V g,n suggests that there is a limit as g → ∞ independent of n. D. Zagier numerically identified this limit with 2π 2 = 19.7392088 . .
. (private communication).
The next step is to analyze the behavior of the ratio 2gV g,n−1 /V g,n : It is not hard to see that expected limit in each of the columns is 1/2 as g → ∞.
These two observations combined together give the factor 2 g+2n /π 2g in the Weil-Petersson volume asymptotics. Similar to (3) it is natural to assume that the ratio π 2g Vg,n (2g)! 2 g+2n behaves like a n g bn , and it works.
Moreover, it appears that a n = 2 −6 π −1/2 is independent of n and b n = n − 7/2. In the table below C g,n = (2g)! We see that the ratio V g,n /C g,n apparently tends to 1 as g → ∞ for any n = 1, 2, 3, 4 (a standard extrapolation gives 1 up to at least 6 decimal digits). For other values of n the situation is the same. It is worth mentioning that the case n = 0 is computationally harder because of an additional non-trivial integration [7] , so currently we are able to compute V g,0 only up to g = 30. However, Conjecture 1 is rather precise even in this case: Clearly, this sequence converges and its evaluated limit is 1 as well. Considerations that led us to Conjecture 2 are very similar to the ones described in this section.
